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Quantum enhanced measurement termed as quantum metrology is important for quantum infor-
mation science and technology. A crucial measure for the minimum achievable statistical uncertainty
in the estimation of the parameters is given by the quantum Fisher information (QFI). Although
QFI of closed systems has been investigated, how the nonequilibrium environments influence the
QFI of open systems remains elusive. In this study, we consider a two-fermionic open system im-
mersed in two fermionic reservoirs, and investigate how nonequilibrium environments influence the
quantum Fisher information (QFI) and explore the relationship between the QFI and the entan-
glement strength of this open system. The parameters to be estimated are the inter-site tunneling
rate ∆ and the coupling strength Γ1 between one fermion site and the environment it is in contact
with. We find that when the tunneling rate is small, its QFI F∆ predominantly increases with
the biases or nonequilibriumness between the two reservoirs, while for the large tunneling rate F∆
mostly decreases with the degree of nonequilibriumness. This feature is in agreement with the
trend of the entanglement or coherence of this open system. For the local coupling strength Γ1, its
QFI FΓ1 increases monotonically in all cases considered. The universal increasing trend gives an
apparent discrepancy for the behaviors of the entanglements or the coherence in the same nonequi-
librium conditions. Our results suggest that in an open system a large QFI for a local parameter
does not necessarily indicate a strong quantum correlation in the system but instead a strongly
nonequilibrium condition in the system.
PACS numbers: 03.65.Ud, 03.65.Yz, 03.67.-a, 05.70.Ln
I. INTRODUCTION
Quantum enhanced measurement is one of the tech-
nologies that has seen tremendous developments during
the past decade and is proceeding at an unprecedented
speed. As early as 1980s, detailed proposals had been put
forward to enhance the sensitivity of gravitational wave
detection by using squeezed light [1]. Similar idea was
also proposed in the field of spectroscopy in 1985 to en-
hance the fermion interferometer sensitivity [22]. One of
the standard tools to evaluate the quantum enhancement
has been the celebrated quantum Crame´r-Rao bound.
The Crame´r-Rao bound gives the minimum achievable
statistical uncertainty in the estimation of the parame-
ter, which is defined as the quantum Fisher information
(QFI) [5, 24, 25].
QFI plays a central role in quantum estimation theory
and it was shown to be closely related to the entangle-
ment. In linear interferometers, QFI is directly related
to multipartite entanglement [1, 2, 12–14], and that gen-
uine multiparticle entanglement is needed for reaching
the highest sensitivities in quantum interferometry [2].
A large quantum Fisher information usually implies a
nonvanishing Bell correlation and other quantum corre-
lations such as quantum discord [26, 27]. However, some
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recent studies indicated that the quantum metrology is
not related to the fundamental concept of entanglement
[23]. The extensive previous studies have been focused
on the unitary evolution of some specific closed quantum
system which is the ideal case for the quantum gate op-
erations. Nevertheless, in most realistic cases noises from
the ambient environment will deviate the state from the
prepared or assumed forms in an uncontrollable manner
and is a fact we have to deal with. Noises from the envi-
ronments renders the evolution of a quantum system in
general to be non-unitary in time or other estimated pa-
rameters. Therefore, the study of QFI in an open system
is important for realistic consideration.
During the past ten years, the application of quantum
metrology to quantum open systems have received more
attentions [4, 7]. For example, QFI serves as a measure of
the geometric distance between the two quantum states.
In an open system, QFI was used to study the quantum
phase transitions of which the order parameters were not
known [30]. In most cases, the noises from the environ-
ments can kill the quantum boost of precision scaling and
can in general prohibit Fisher information [28, 29]. In
the quantum information processing, noises can limit the
processing power of a quantum computer. It was noticed
that in some cases the nonequilibriumness of a system
may influence QFI in a positive way. In particular, it was
shown that in an optical molecular system coupled with
two reservoirs, the steady-state coherence which is sus-
tained by the nonequilibrium environments can enhance
quantum metrology [7, 17]. In this study, we show that
ar
X
iv
:1
91
2.
12
73
4v
1 
 [q
ua
nt-
ph
]  
29
 D
ec
 20
19
2the nonequilibrium boost on quantum metrology is more
prominent for estimating local parameters, for example
in our model the local site-reservoir coupling. For the
QFI of the non-local inter-site coupling/tunneling rate,
its relationship with nonequilibriumbness of the system
can be complicated and the nonequilibrium enhancement
is only apparent for the small tunneling scenario.
In this study, we quantify the performance of the
parameter estimations of the non-local inter-site cou-
pling/tunneling and the local site-reservoir coupling
with the QFI. We consider quantum Fisher informa-
tion of a two-fermionic system in two fermionic environ-
ments. This is in contrast to the often studied cases
where bosonic systems and bosonic baths are considered.
Fermionic systems appeared often in quantum informa-
tion science and condensed matter systems while the
fermionic environments are under the particle exchange
with the system rather than the case of bosonic bath un-
der the thermal energy exchange with the system. We
demonstrate that a stronger quantum correlation does
not necessarily imply a larger QFI and vice versa. We
show that a controlled environment can indeed promote
the precision of the parameter estimations in certain
cases. In particular, an appropriate choice of nonequilib-
rium conditions can enhance the QFI significantly. We
illustrate that for the inter-site coupling/tunneling pa-
rameter ∆, an enhanced QFI implies large entanglement
but the inverse does not apply. For the local parameter
Γ1, an enhanced QFI occurs when the system is far away
from the equilibrium.
II. PRELIMINARIES OF QFI
In parameter estimation theory, Fisher information
plays an important role in giving the upper bound of ac-
curacy [1, 19]. Consider a random variable x with proba-
bility distribution pθ(x), where θ is the parameter of the
distributions. Given a set of random variables that we
have observed, we can estimate the parameter θ based on
the observed distribution. However, this estimation may
deviate from the real value and the variance of θ is given
by the Crame´r-Rao (lower) bound
Var(θest) ≥ 1
J
(M)
θ
, (II.1)
where Var(θest) := 〈(θest−θ)2〉 is the variance of θest and
the (classical) Fisher information Jθ is defined as
J
(M)
θ =
∫
dMx
1
pθ(x)
(
∂pθ(x)
∂θ
)2
. (II.2)
For a quantum system, the state of a system is given by
a density matrix ρθ instead of a probability distribution
function. Random data will be collected after the mea-
surements on the system and these data could be used
to reconstruct the parameter θ of the system. Given a
positive-operator-valued measurement (POVM) denoted
by a positive operator Mx, where x labels the possible
measurement outcomes, the classical probability pθ(x) in
equation II.2 is given by pθ(x) = tr(ρθ(x)Mx). By intro-
ducing the symmetric logarithmic derivative Lρθ ,
∂ρθ
∂θ
=
1
2
(ρθLρθ + Lρθρθ) , (II.3)
where
Lρθ = 2
∫ ∞
0
dse−sρθ
∂ρθ
∂θ
e−sρθ . (II.4)
The Fisher information for M = 1 in II.2 can be written
as
Jθ =
∫
dx
1
tr(ρθMx)
(
tr
(
1
2
(ρθLρθ + Lρθρθ)Mx
))2
,
(II.5)
The maximum of all possible measurements gives a mea-
surement independent quantity Fθ which is termed as
the quantum Fisher information (QFI) [1],
Fθ ≡ tr(ρθL2ρθ ) = tr(Lρθ
∂ρθ
∂θ
) . (II.6)
With this definition, a similar inequality as the Crame´r-
Rao (lower) bound can be written out which is called the
quantum Crame´r-Rao bound, i.e.
Var(θest) ≥ 1
MFθ . (II.7)
where M is the number of independent identical POVM
measurements of the same system prepared in the same
state. Those measurements that saturate the quan-
tum Crame´r-Rao bound are called optimal distinguishing
measurements. [1–3]
Braunstein and Caves showed that quantum Fisher in-
formation has a tight connection with the Bures distance
[20]. Bures distance endows the Riemannian geometry
onto the space of density operators and the geometric
distance between two quantum density operators is given
by [3, 5, 21]
dB(ρ1, ρ2) =
√
2− 2A(ρ1, ρ2) , (II.8)
where A(ρ1, ρ2) = tr(ρ
1/2
1 ρ2ρ
1/2
1 )
1/2 is the fidelity. For
two density operators ρθ and ρθ+dθ, the QFI gives the
infinitesimal geometric distance
dB(ρθ, ρθ+dθ) =
1
4
F(ρθ)d2θ. (II.9)
III. THE SYSTEM
We consider a model with two fermion sites. Each site
can either adopt a fermon with some certain energy or
remain empty, and the fermion can tunnel between the
3two sites with a finite tunneling rate. Furthermore, the
two sites are immersed in two separate large reservoirs of
fermions. We take the Hamiltonian of the system takes
the following form [16]:
HS = ω1η†1η1 + ω2η†2η2 + ∆(η†1η2 + η†2η1)
HR =
∑
k,p
~ωk (a†kpakp) +
∑
q,s
~ωq (b†qsbqs) (III.1)
where HS represents the system hamiltonian without the
environment andHR is the hamiltonian for the free reser-
voirs. ∆ describes the tunneling of the fermions between
the two sites. The creation and annihilation operators
η†1,2 and η1,2 on the site 1(2) follow the standard fermionic
statistics
{ηa, η†b} = δab,
{ηa, ηb} = {η†a, η†b} = 0.
(III.2)
The interaction Hamiltonian between the system and the
reservoirs is described by the following terms,
Hint =
∑
k,p
λk (η
†
1akp + η1a
†
kp) +
∑
q,s
λq (η
†
2bqs + η2b
†
qs),
(III.3)
where λ is the interaction strength between the system
and the reservoir and a†kp(b
†
kp) are the creation opera-
tors for a particle of momentum k, polarization p in the
reservoirs.
The system hamiltonian can be diagonalized with the
following transformation,
~ζ =
(
cos(θ/2) sin(θ/2)
− sin(θ/2) cos(θ/2)
)
~η (III.4)
where cosθ =
w2 − w1√
(w1 − w2)2 + 4∆2
. After the diagonal-
ization,
HS = ω′1ζ†1ζ1 + ω′2ζ†2ζ2 (III.5)
with ω′1,2 =
1
2 (ω1 + ω2 ±
√
(ω1 − ω2)2 + 4∆2) and ζ1,2.
ζ†1,2 satisfy the same anti-commutation relation.
We apply the quantum master equation approach with
the Born-Markov approximation and without secular ap-
proximation. For details in this approach and the caveat
used in our model, see [15]. We ignore the variance in
the reservoirs, i.e. ρ˜R(t) ≈ ρR(0) = ρR and the quantum
master equation (QME) takes the following form,
dρ˜S(t)
dt
= −TrR
∫ t
0
ds
[
H˜int(t), [H˜int(s), ρ˜S(t)⊗ ρR]
]
(III.6)
where H˜int ≡ eiH0t/~Hinte−iH0t/~ is the interaction
Hamiltonian in the interaction picture, Hint is the in-
teraction Hamiltonian in the Schro¨dinger picture and
H0 = HS + HR. We ignore the back reaction from the
reservoir to our system and trace out the environmen-
tal contributions to the full density matrix to obtain the
reduced density matrix of our system.
The secular approximation used in the Lindblad mas-
ter equations cannot capture the population and coher-
ence couplings which is crucial for nonequilibrium studies
[15–17]. Furthermore, the approximation requires ex-
tra time scale hierarchy that is not always applicable
when nonequilibrium effects are prominent [15, 18]. In
our study, we will apply Markovian approximation with-
out secular approximation (which leads to Bloch-Redfield
equation) and study the nonequilibrium properties of the
QFI of two important parameters of the system, i.e. the
tunneling between the two sites and the site-environment
coupling.
The result of the quantum master equation after the
above approximations is as follows,
ρ˙S(t) = i[ρS , HS ]−D0[ρ]−Ds[ρ], (III.7)
where
D0[ρ] =
2∑
i=1
Ni[ρ], Ds[ρ] =
2∑
i=1
Si[ρ]. (III.8)
The dissipator D0 describes the particle exchanges with
the reservoirs, and Ds gives the coherence between en-
ergy levels of the system which is absent in the Lindblad
formalism. D0 and Ds are defined as follows (plus and
minus signs are for bosonic reservoirs and fermionic reser-
voirs, respectively),
Ni[ρ] = Γ1 · 1
2
[1 + (−1)i cos θ]
[
(1± nT11 )(ζ†1ζ1ρ˜− ζ1ρ˜ζ†1) + nT11 (ζ1ζ†1 ρ˜− ζ†1 ρ˜ζ1) + h.c.
]
+ Γ2 · 1
2
[1 + (−1)i−1 cos θ]
[
(1± nT12 )(ζ†2ζ2ρ˜− ζ2ρ˜ζ†2) + nT12 (ζ2ζ†2 ρ˜− ζ†2 ρ˜ζ2) + h.c.
]
, (III.9)
4and
Si[ρ] = (−1)i−1 1
2
Γ1 sin θ
[
(1± nT11 )(ζ†2ζ1ρ˜− ζ1ρ˜ζ†2) + nT11 (ζ2ζ†1 ρ˜− ζ†1 ρ˜ζ2) + h.c.
]
+ (−1)i−1 1
2
Γ2 sin θ
[
(1± nT12 )(ζ†1ζ2ρ˜− ζ1ρ˜ζ†2) + nT12 (ζ1ζ†2 ρ˜− ζ†1 ρ˜ζ2) + h.c.
]
. (III.10)
where ω′a is the energy eigenvalue of the system, sin θ
and cos θ are the elements in the transformation matrix
defined in III.4, and nTik is the number density of the
ith reservoir with temperature T and energy ω′k. Due
to the rapid oscillation of field modes, we assume the
Weisskopf-Wigner approximation. We expand the time
integral to infinity and replace the summation in the in-
teraction Hamiltonian by integration. The decay rates
after the approximation are defined as follows,
Γi ≡ 2V
(2pi)3
pi
∫
d3~k λ2~k δ(ω
′
i − ωk). (III.11)
For the bosonic bath, the number density is nTik =
1
e~βiω
′
k − 1 , and for fermionic bath n
Ti
k =
1
eβi(ω
′
k−µi) + 1
.
IV. QFI OF OUR SYSTEM
For the system we consider, we are interested in the
long time steady state behavior, namely the nonequilib-
rium steady state solution (NESS). The solution for the
density matrix is obtained by solving the quantum mas-
ter equation III.7,
ρ˙S(t) = i[ρS , HS ]−D0[ρ]−Ds[ρ] = 0 . (IV.1)
The solution of the master equation has two uncoupled
parts, ρ11, ρ22, ρ33, ρ44, ρ23, ρ32 and the rest. The off-
diagonal components, except ρ23 and ρ32, are uncoupled
with the population components, and thus they vanish
in the steady state. Therefore, we only consider the ”X”
form of the density matrix in the energy representation,
ρ∞ =
ρ11 0 0 00 ρ22 ρ23 00 ρ32 ρ33 0
0 0 0 ρ44
 . (IV.2)
The exact solution and the perturbative solution in en-
vironmental coupling of the above master equation can
be found in [15]. Furthermore, based on the spectral de-
composition ρ =
∑N
i pi|ψi〉〈ψi| (where M denotes the
number of nonzero pi), the QFI for a general quantum
state described by the density matrix ρ(θ) is given by [6]
Fθ =
N∑
i=1
(∂θpi)
2
pi
+ 4
N∑
i=1
pi〈∂θψi|∂θψi〉 −
N∑
i,j=1
8pipj
pi + pj
|〈ψi|∂θψj〉|2. (IV.3)
Then we perform spectral decomposition
ρ∞ =
N∑
i
pi|ψi〉〈ψi| , (IV.4)
. Then the coefficients of the spectrum decomposition in
IV.3 is given as follows,
p1 = ρ11, |ψ1〉 = |g〉, (IV.5)
p2 = (ρ22 + ρ33)/2 +
√
(ρ22 − ρ33)2/4 + |ρ23|2, |ψ2〉 = cos α
2
eiφ|e〉+ sin α
2
|f〉, (IV.6)
p3 = (ρ22 + ρ33)/2−
√
(ρ22 − ρ33)2/4 + |ρ23|2, |ψ3〉 = sin α
2
eiφ|e〉 − cos α
2
|f〉, (IV.7)
p4 = ρ44, |ψ4〉 = |f〉, (IV.8)
where
α = arctan[2|ρ23|/(ρ22 − ρ33)], φ = arg(ρ23). (IV.9)
For the two-site quantum system, the coupling between
5the two sites (or between a site and a reservoir) of the
system can be estimated by repeated measurements on
the system. With the spectral decomposition given by
Eq. (IV.5), the QFI according to Eq. (IV.3) has the fol-
lowing expression
F∆ =
4∑
i=1
(∂∆pi)
2
pi
+
(p2 − p3)2
p2 + p3
[
(∂∆α)
2 + (∂∆φ)
2 sin2 α
]
.
(IV.10)
One particular aspect of this equation worth noticing
is that the quantum contribution comes only from the
nonequilibrium effect. The first term in Eq. (IV.10) is
the same as the classical Fisher information and repre-
sents the classical contribution if we regard the set of
nonzero eigenvalues as a probability distribution. The
remaining parts corresponding to the second and third
terms in Eq. (IV.3) come from the quantum effect. For
equilibrium states with equal temperature or chemical
potential of the two reservoirs, we find that only the first
term survives while the second term is zero. The second
term vanishes in equilibrium condition when the steady-
state coherence ρ23 = 0, i.e. α = 0 and sinα = 0. There-
fore, the quantum contribution to the QFI only comes
from the nonequilibrium effect in this model. The second
term arising from the nonequilibrium steady-state coher-
ence is non-negative. It implies that the nonequilibrium
steady-state coherence contributes to the QFI.
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0
5
10
15
20
25
T
Q
F
I
Figure 1: QFI vs T for equilibrium fermionic reservoirs
at from bottom to top µ = 0.5, 0.6, 0.65. The
parameters are set to ∆ = 0.2, Γ1 = Γ2 = 0.05,
ω1 = ω2 = 1 unless otherwise specified.
V. QFI OF THE INTER-SITE TUNNELING IN
THE FERMIONIC RESERVOIRS
A. Equilibrium regime
Under equilibrium condition with equal temperature
and chemical potential of the two reservoirs, the steady
state quantum Fisher information only has the classical
Fisher information component, the second term in the
Eq. (IV.10) is zero. In Fig. 1, F∆ is plotted as a function
of the temperature T . We notice that the QFI is zero at
low temperature and also zero at high temperature lim-
its. This is due to the fact that at low temperatures the
equilibrium probability of the occupation number at any
site in the system is small, therefore the most probable
case is that the two sites are empty. This probability
does not alter significantly with respect to the change of
tunneling rate. In this case, the system is insensitively
to this parameter and the accuracy of estimation is low.
In the high temperature limit, i.e. T  ∆, the distribu-
tion of particles on each site is dominated by the thermal
effect and similar insensitivity is observed.
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(a) QFI vs µ at different ∆’s
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(b) Concurrence and coherence vs µ at ∆ = 0.3
Figure 2: QFI and quantum correlations vs µ for
equilibrium situation. (a) Blue curve:
T = 0.05,∆ = 0.3. Yellow solid curve:
T = 0.05,∆ = 0.1.. The dashed line: T = 0.1,∆ = 0.1.
(b) Concurrence (orange curve) and coherence (blue
curve) vs chemical potential µ at ∆ = 0.3.
On the other hand, we find a much stronger boost to
the QFI when we tune the chemical potential of the reser-
voirs to certain values. In particular, when tuning up the
chemical potential from zero, we find two peaks which
correspond to the two resonant frequencies of the system
ω′1 and ω
′
2 as shown in Fig. 2(a) in blue. QFI has two
peaks with increasing chemical potentials, which corre-
60.0 0.5 1.0 1.5 2.0
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
μ
Δ
T
6
18
30
42
54
66
78
90
(a) ∆ = 0.05
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(b) ∆ = 0.1
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(c) ∆ = 0.3
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(d) ∆ = 0.05
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(f) ∆ = 0.3
Figure 3: QFI in the nonequilibrium cases. (a-c) QFI vs ∆T at different tunneling rates with T1 = 0.1 and
T2 = T1 + ∆T . At small tunneling rate ∆ = 0.1, the QFI is enhanced when the chemical potential is away from
system frequencies. When the tunneling rate is larger ∆ = 0.3, the QFI mostly decays monotonically with the
increase of temperature bias. (d-f) From left to right is in the order of increasing ∆. The same conclusion can be
drawn when tuning the chemical potential bias and the effect is more apparent. The nonequilibrium enhancement at
lower tunneling rate gradually turns into suppression at large tunnelings. Here µ1 = µ−∆µ, µ2 = µ+ ∆µ, and
T1 = T2 = 0.2. For all, Γ1 = Γ2 = 0.05, ω1 = ω2 = 1.
spond to the two resonant frequencies for ∆ = 0.3. The
system frequencies are linearly dependent on the tunnel-
ing rate, i.e. ω′1,2 = ω1,2 ±∆. At low temperatures, the
two fermion sites are approximately maximally entan-
gled when µ ∈ [ω′1, ω′2] and the probability distribution
of particles will be localized at the lower eigenstate of the
system. In this case, decreasing or increasing the tunnel-
ing rate will render the ambient chemical potential in or
out of the resonance range and thereafter the state of the
system, i.e. the probability distribution of the particles
changes discontinuously at zero temperature. Therefore,
the system reaches its highest sensitivity to the change
of the external chemical potential when µ ≈ ω′1,2 and
this gives the two peaks in Fig. 2(a). Although this reso-
nant boost by chemical potential was also discovered for
quantum correlations and entanglement, the huge dip be-
tween the two peaks does not appear in the other cases
[15]. When the tunneling rate is small (Fig. 2(a) in yel-
low), the maximal value of the QFI increases. At low
tunneling rate, this double peak pattern easily vanishes
at the non-vanishing reservoir temperature. For example
when we increase the temperature from 0.05 to 0.1, the
dip between the two peaks disappear and the maximal
value QFI decreases (dashed line in Fig. 2(a)). Simi-
lar disappearance of sharp peaks of resonance at finite
temperature also appears in other quantum information
measures such as entanglement and quantum discord.
We notice that the parameter regions of maximal QFI
do not overlap with the region of maximal entanglement
or maximal coherence, as is shown in Fig. 2(b) where we
plot the entanglement (orange) and coherence (blue) in
the same region of parameter space. Around µ = 0.1, the
entanglement and coherence all reach the maximal, the
QFI however is in its lowest point. On the other hand,
a large QFI does imply the large entanglement (in this
case the boundary of large entanglement region).
B. Nonequilibrium regime
In the nonequilibrium regime the system manifests a
qualitatively different behavior at small tunnelings from
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(a) QFI vs ∆T at ∆ = 0.1
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(b) QFI vs ∆T at ∆ = 0.3
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(c) QFI Vs ∆µ at ∆ = 0.3 and
T1=0.1
Figure 4: QFI vs ∆T. (a, b) QFI monotonically increases with temperature bias at low tunneling rate ∆ = 0.1. At
larger tunneling rate ∆ = 0.3, QFI has the opposite trend comparing with the low tunneling rate case. Here
T1 = 0.1 and µ=0.3. (c) At ∆ = 0.3, the QFI has two peaks as ∆µ increases. Coarse-graining the picture, the QFI
has a general decreasing trend with the increase of ∆µ. Here T1 = T2 = 0.2 and µ = 0.3. For all, the parameters are
set to Γ1 = Γ2 = 0.05, ω1 = ω2 = 1.
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(a) Coherence at ∆ = 0.05
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(b) Entanglement at ∆ = 0.05
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(c) Entanglement at ∆ = 0.3
Figure 5: Coherence and entanglement in nonequilibrium conditions. (a) The coherence is plotted at the same
condition as Fig. 3(a). (b) The entanglement is plotted at the same condition as Fig. 3(d). In the region where QFI
is optimized, the entanglement and coherence are also optimized. (c) The entanglement is plotted at the same
condition as Fig. 3(f) for comparison. For all, Γ1 = Γ2 = 0.05, ω1 = ω2 = 1.
that at large tunnelings. As is shown in Fig. 3(a) where
we plot the QFI at a small tunneling rate ∆ = 0.05, in the
region away from the resonance potential there is a signif-
icant boost in the QFI as the temperature bias increases.
The QFI reaches a finite asymptotic value as ∆T → ∞.
On the other hand, when the tunneling rate is large (e.g.
∆ = 0.3 in Fig. 3(c)), the phase diagram has a topology
change with the two local maxima centered at the zero
temperature bias and resonant chemical potentials. The
QFI shows a complicated relationship with the tempera-
ture bias, but in general it decays with the increase of the
bias. This is an opposite trend comparing with that of
small tunneling regimes. As the tunneling rate increases
from 0.05 to 0.3 [see Fig. 3 (a-c)], the QFI within the
resonant frequencies gradually dominates that away from
the resonant frequencies. The nonequilibrium effect only
harms the QFI. Therefore, the nonequlibriumness char-
acterized by temperature bias between two reservoirs can
only significantly enhance quantum metrology when the
tunneling rate of the quantum system is very small. For
strongly coupled quantum systems, i.e. those with large
tunneling rates, nonequilibriumness does not boost the
quantum metrology.
As an example, in Fig. 4 F∆ is plotted as a function
of ∆T = T2 − T1 for a fixed T1 = 0.1 and µ1 = µ2 = 0.3
as well as different chemical potentials µ’s and tunneling
rates ∆’s. The degree of nonequilibriumness is charac-
teriszed by the temperature bias between two reservoirs
∆T . With the two reservoirs sharing the same chemi-
cal potential and different temperatures, we adjust the
temperature bias of the two reservoirs. When the tun-
neling rate is small, i.e. ∆ = 0.1, F∆ increases with the
temperature bias monotonically, see Fig. 4 (a). In this
case, nonequilibrium conditions enhance the QFI. How-
ever, when the tunneling rate gets larger, e.g ∆ = 0.3
in Fig. 4 (b), F∆ mostly decreases with the temperature
bias.
Similar topological change of the phase diagrams can
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(c) QFI at ∆ = 0.1
Figure 6: FΓ1 (QFI of the system-environment coupling strength Γ1) in nonequilibrium conditions. (a) In the small
tunneling regime, the further the system is from the equilibrium the larger the QFI. This is the same trend as F∆
shown in the previous section. (b) FΓ1 at the larger tunneling rate deviates from the F∆. Instead of reversing the
trend of the small tunneling case, FΓ1 shows similar monotonically increasing trend with ∆µ, which can be
compared with Fig. 5(c). For (a) and (b), Γ1 = Γ2 = 0.05. (c) The asymmetric coupling scenario with Γ1 is fixed at
0.05 and Γ2 = Γ1 + ∆Γ. For all, ω1 = ω2 = 1.
be found in µ - ∆µ diagrams. When the tunneling rate is
small ∆ = 0.05, the QFI is enhanced when the chemical
potentials of both baths are tuned away from the sys-
tem frequency. The maximum of the QFI occurs when
the bias ∆µ is maximized and the chemical potentials of
the two baths are symmetrically distributed with respect
to the system frequencies [see Fig. 3(d)]. As the tunnel-
ing rate increases, the center of the bright regions (large
QFI) moves downward towards the smaller bias until it
lies right at zero bias (or reaches equilibrium regimes)
as shown in Fig. 3(e, f). In comparison, the QFI in
large tunneling case has roughly the opposite trend of
that in the small tunneling case, it decays with the in-
crease of chemical potential biases. However, there are
still parameter regimes away from the equilibrium where
the QFI is boosted. Those regimes correspond to the
cases when the chemical potential of one of the reser-
voirs reaches the system frequency, which is not a real
nonequilibrium effect. This phenomenon can be noticed
that the two bright bands in Fig. 3 (f) correspond to the
boundary of the two bright bands in Fig. 5(c). A typical
plot of this scenario shown in Fig. 4(c) where we picked
µ ≡ 1/2(µ1 + µ2) = 0.3. The two peaks correspond to
when µ2 is on the boundary of the resonant region, i.e.
µ2 = 1± 0.3. The asymptotic value at large ∆µ is lower
than the equilibrium value at zero bias. This shows a
deterioration of the QFI by the nonequilibriumness.
Furthermore, we can compare the change of QFI at
different environmental parameters with that of coher-
ence and entanglement. Though in general no rigorous
relationship has been established between the QFI and
entanglement, we show that for our model the nonequilib-
rium effects for coherence and entanglement are almost
the same as that for the QFI. For example, in Fig. 5,
the coherence is plotted at the same condition as that of
Fig. 3 (a) at a small tunneling rate. Compared with Fig. 3
(a), the figure has almost the same trend. Apart from
the regimes near µ = 1 where the coherence decreases
with the temperature bias, the coherence is promoted
by the ∆T . Moreover, the maximal enhancement in the
nonequilibrium regimes lies outside the resonant chemi-
cal potential range. Fig. 5 (b) is plotted in comparison
with Fig. 3 (d), where we show that the concurrence is
a monotonic function of ∆µ at small tunnelings. In this
case, both entanglement and QFI are simply enhanced
by nonequlibrium conditions. The nonequilibrium effect
on entanglement also reverses its trend when the tunnel-
ing rate increases from 0.05 to 0.3 in comparison with
Fig. [3] (d-f), see Fig. 5 (c). The detailed discussions for
the entanglement and other quantum correlations in this
case can be found in Ref. [15].
VI. QFI OF THE DISSIPATION RATE Γ1 IN
THE FERMIONIC RESERVOIRS
For a unitary evolution of a closed system, local QFI
(lQFI) can be used to characterize quantum correlations
such as quantum discord [27]. The counterpart of lQFI
in the open system corresponds to the QFI of a locally
defined parameter that is only directly related to one
of the two subsystems. In this section, we study the
QFI FΓ1 , which characterizes the precision of estimation
of one of the dissipation rates Γ1. Γ1 characterizes the
strength of the coupling of the first fermion site with the
reservoir it is in contact with. Nonequilibrium conditions
in open systems has been shown to be useful to enhance
quantum correlations and coherence in many cases. Here,
we study how nonequilibrium conditions will influence
the QFI of the local parameter in the two-fermionic open
system.
We assume that Γ1 and Γ2 are independent parameters
9characterizing the strength of the system-environment
couplings or the dissipation rate at site 1, and that Γ1
is the parameter to be estimated. Unlike the case of F∆
where the QFI behaves similarly to that of the quan-
tum coherence and entanglement under nonequilibrium
conditions, FΓ1 deviates from entanglement in certain
nonequilibrium regimes.
In the small coupling regime, both quantum entangle-
ment and F∆ increase almost monotonically with the de-
gree of nonequilibriumness. The same effect is found for
FΓ1 , see Fig. 6 (a). At a larger tunneling rate, however,
the parameter regimes of strong entanglement are cen-
tered around the equilibrium condition (∆µ = 0) at res-
onant chemical potentials (µ=0.1) [see Fig. 5 (c)], while
the parameter regimes of large QFI are located at large
chemical potential biases [Fig. 6 (b)] where the entan-
glement is negligible. It was shown that in many cases
a large QFI implies the violation of Bell inequality [26],
but it is not generally true as shown in this case where in
the regimes of large QFI, the entanglement is very weak
and as we tune up the biases we can easily reach the
point that the Bell inequality is not violated. Further-
more, this nonequilibrium boost of QFI goes beyond the
case where the two sites have an identical coupling to the
environments, Fig. 6(c).
For the estimation of the local parameter Γ1, the QFI
is more related to the degree of nonequilibriumness than
the entanglement strength or coherence. The degree of
nonequilibrium conditions has a clean monotonic rela-
tion with FΓ1 which is not present in either coherence
or entanglement. While numerous studies have shown
that local QFI for a unitary transformation is closely re-
lated to quantum correlations in the system, our results
suggest that for the estimation of the local parameter
in an open system, a large QFI suggests a large degree
of nonequilibriumness in the system instead of a large
entanglement or quantum discord.
VII. REMARKS AND CONCLUSION
In this work, quantum metrology of two-fermionic sys-
tems in equilibrium and nonequilibrium environments are
studied. We studied two cases of esimation, one being
the estimation of the inter-site tunneling rate ∆ and the
other the local dissipation rate Γ1. For the parameter
estimation of the inter-site tunneling rate ∆, we remark
that in equilibrium case, the QFI reaches its maximum
when the chemical potentials of the reservoirs are equal
to the system eigen frequencies. QFI has a weaker de-
pendence on the temperature of the reservoirs compared
with the chemical potentials. In the nonequilibrium case,
we see an enhancement of the QFI away from the res-
onant frequencies by the temperature biases when the
inter-site tunneling rate is small. On the other hand, for
a large tunneling rate the nonequilibrium condition does
not boost the quantum metrology. QFI decreases with
the increasing degree of nonequilibriumness in most pa-
rameter regimes. From a more practical perspective, the
smaller inter-site tunneling is likely to be the more rele-
vant regime as it is harder to measure and more relevant
for realistic models.
For the estimation of the local dissipation rate Γ1, we
find a simple dependence of the QFI on the nonequilib-
rium conditions. In all parameter regimes we explored,
the nonequilibriumness gives a clear boost to the QFI
regardless of the magnitudes of the inter-site tunneling
strengths, chemical potentials or the system-bath cou-
pling strengths. Furthermore, we find a regime in the
parameter space where the entanglement and the QFI
has an opposite trend with respect to the increase of the
degree of the nonequilibriumness. This behavior con-
tradicts many previous results [2, 26, 27]. Our result
suggests that in an open system, a large QFI does not
necessarily indicate a large quantum correlation but may
be a strong indication that the system is in a strongly
nonequilibrium state.
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